A waveguide-based surface plasmon resonance (SPR) sensor with an adsorbed layer is analyzed using the beam-propagation method. For two-dimensional (2-D) models, numerical results show that the change in thickness of the adsorbed layer placed on the metal leads to a significant shift of the maximum absorption wavelength. Through eigenmode analysis, the maximum absorption wavelength is found to be consistent with the cutoff wavelength of the second-order surface plasmon mode. The designed 2-D sensor shows an absorption wavelength shift from 0.595 to 0.603 µm, when the analyte refractive index is increased from 1.330 to 1.334. After a basic investigation using the 2-D models, we next study 3-D models. When the metal with the absorbed layer is wide enough to cover the core region, the 3-D results are similar to the 2-D results. However, as the metal width is reduced, the absorption wavelength shifts toward a shorter wavelength and the sensitivity to the refractive index change degrades gradually. The degradation of the sensitivity is considerable when the metal width is narrower than the core width. As a result, the metal width of the practical SPR sensor should be slightly wider than the core width so as to maintain the sensitivity corresponding to that obtained for the 2-D model. key words: surface plasmon resonance (SPR), optical sensor, optical waveguide, beam-propagation method (BPM), imaginary-distance procedure
Introduction
The Kretschmann configuration, composed of a prism coated with a thin metal film, has widely been employed for optical sensors using surface plasmon resonance (SPR) coupling [1] , [2] . In this configuration, the value of the refractive index can be found from the reflection minima of a surface plasma wave at a given frequency, allowing realtime and high-resolution measurements. For this configuration, however, monolithic integration into optical circuits is generally difficult.
To integrate an SPR sensor into optical circuits, waveguide-based SPR sensors have been investigated [1] - [9] . Theoretically, the sensitivity of waveguide-based SPR sensors is approximately the same as that of the Kretschmann configuration [1] . Previous studies have involved the design of several waveguide-based SPR sensors using analytical or numerical methods. For example, an SPR sensor with an adsorbed layer has been designed to shift the peak wavelength of SPR coupling [4] - [6] . However, detailed eigenmode analysis has not been performed for explaining the mechanism of the peak wavelength shift with an adsorbed layer. In addition, all the theoretical investigations have been restricted to two-dimensional (2-D) models and practical three-dimensional (3-D) models have not yet been treated.
In this study, we analyze waveguide-based SPR sensors by both 2-D and 3-D beam-propagation methods (BPMs) [10] and discuss sensing characteristics for aqueous environments. First, we present brief explanations of the BPMs for propagating beam analysis [10] , [11] and the imaginarydistance (ID) BPM for eigenmode analysis [12] - [19] . Next, we investigate the effect of metal thickness on the sensing characteristics for the 2-D model. It is shown that the maximum absorption wavelength slightly shifts to a longer wavelength as the metal thickness increases. After choosing the metal thickness, we study the case where the adsorbed layer is placed on the metal layer. The change in adsorbed layer thickness also leads to a shift of the maximum absorption wavelength. The mechanism of this wavelength shift is explained in detail through eigenmode analysis using the ID-BPM. The designed SPR sensor shows the absorption wavelength shift from 0.594 to 0.602 µm, when the refractive index of the analyte is increased from 1.330 to 1.334, which is detectable by an optical spectrum analyzer.
Finally, we analyze the 3-D models, paying attention to the dependence of metal width on sensing characteristics. When the metal with the adsorbed layer is wide enough to cover the core region, the 3-D results are similar to the 2-D results. It is revealed that for a narrow metal width of 3 µm, which is slightly wider than the core size (2 µm wide), the absorption wavelength shifts towards a shorter wavelength than that in the 2-D results, while maintaining sensitivity to the refractive index change. However, a further reduction in metal width gives rise to a reduced sensitivity. As a result, the 3-D analysis provides important information on the choice of metal width, which affects the sensitivity to the refractive index change. [20] . The use of the TMM provides efficient eigenmode calculations of dispersion characteristics. Unfortunately, 3-D models cannot be treated by the TMM. In addition, one must resort to other numerical techniques when the propagating beam in the SPR sensor is analyzed. In contrast, the BPM has the advantage that eigenmode analysis with the ID procedure followed by propagating beam analysis can be performed using a single BPM algorithm. More importantly, the BPM can treat 3-D models of SPR sensors. These facts motivate us to apply the BPM to the analysis of SPR sensors.
Numerical Methods

2-D models
Here, we provide brief explanations of the BPM [10] , [11] . The basic equation for the 3-D semivectorial BPM is expressed as
where
for the TE mode and
for the TM mode, in which k is the free-space wavenumber, n is the refractive index, and n 0 is the reference refractive index to be appropriately chosen. After approximating the spatial derivatives using a modified finite-difference formula [10] , we solve Eq. (1) using the Crank-Nicolson scheme.
Using the BPM, we can determine how the input field propagates in optical waveguides [11] . The BPM can also be used as an eigenmode solver with the ID procedure [12] - [19] . An arbitrary input field can be represented as a summation of the eigenmodes in the form
where φ i and a i represent the ith eigenmode field and its amplitude, respectively. At a distance z, the solution of Eq. (1) can be written as
where λ i = β i − kn 0 , in which β i is the propagation constant of the ith eigenmode. Here, we change the propagation axis to an imaginary axis, i.e., z = jτ, leading to
As can be seen from Eqs. (3) and (4), in the ID procedure, the sinusoidal phase change of the field is replaced with its exponential amplitude change. The amplitude of the ith eigenmode field is determined by the following amplification factor AF i :
Using appropriate parameters makes the amplitude of a specific mode quite large, when compared with those of other modes. Therefore, only the desired mode is generated efficiently.
Once the eigenmode field is obtained, the propagation constant is readily calculated on the basis of the following variational expression without using the weak form:
where the superscript * represents the complex conjugate. The real and imaginary parts of Eq. (6) correspond to the phase and attenuation constants, respectively.
Analysis of Waveguide-Based SPR Sensors
Analysis of 2-D Model
We start with the analysis of the 2-D waveguide-based SPR sensor shown in Fig. 1 . The SPR sensors treated here are supposed to operate around λ = 0.6 µm, which corresponds to the center wavelength of a tunable laser. Water is chosen as an analyte. We excite the field of the fundamental TM mode in the input waveguide. Varying the operating wavelength, we evaluate the output power from the waveguide, which depends on the refractive index of the analyte n a . The metal is chosen to be Au and the dispersion property of its refractive index is taken into account using the Drude model dielectric function as
where ω is the angular frequency, ω p is the electron plasma frequency, and ν is the effective electron collision frequency. These values are determined using n m = 0.131 − j3.645 at 0.6328 µm [21] , i.e., ω p = 1.127 × 10 16 rad/sec and ν = Fig. 1 Configuration of waveguide-based SPR sensor (d = 2 µm). The refractive indices are n co = n ad = 1.47, n sub = 1.46 [4] , and n m = 0.131 − j3.645 at 0.6328 µm [21] . The analyte is thick enough to give converged solutions of the numerical results.
1.992 × 10 14 rad/sec. First, we investigate the sensing characteristics for a different metal thickness t m without the adsorbed layer (t ad = 0). Figure 2 shows the output power normalized to the input power as a function of wavelength, calculated using the BPM. The refractive index of the analyte is n a = 1.332. The device length is chosen to be 200 µm. The numerical parameters are as follows: the transverse sampling width ∆x = 0.001 µm and the longitudinal sampling width ∆z = 0.01 µm.
It is seen in Fig. 2 that as the metal becomes thick, the maximum absorption wavelength slightly shifts to a longer wavelength, reaching a limit value around 0.56 µm. In addition, a thick metal reduces the coupling between the waveguide and surface plasmon (SP) modes. Here, we choose t m = 0.045 µm, which allows a relatively strong coupling between the waveguide and SP modes.
One technique for shifting the maximum absorption wavelength is to add an adsorbed layer to the metal layer [4] - [6] , as shown in Fig. 1 . Figure 3 demonstrates the wavelength shift when the adsorbed layer is added. It is found that the maximum absorption wavelengths are around 0.6 µm and 0.66 µm for t ad = 0.02 µm and t ad = 0.04 µm, respectively. Figure 3 also shows that the absorption wavelength depends on the refractive index of the analyte, n a . For example, the sensor with t ad = 0.02 µm offers the absorption wavelength shift from 0.595 to 0.603 µm, when the refractive index of the analyte is increased from 1.330 to 1.334, which is detectable by an optical spectrum analyzer.
As discussed above, the addition of the adsorbed layer has been effective in shifting the absorption wavelength. It should be noted, however, that a detailed explanation for the wavelength shift has not been given. Therefore, we next investigate the effect of the adsorbed layer on the dispersion characteristics by eigenmode analysis with the ID-BPM.
The dispersion characteristics for t ad = 0.02 µm and t ad = 0.04 µm are given in Figs. 4 and 5, respectively, in which (a) and (b) indicate the results for the effective index and loss, respectively. In this analysis, n a = 1.332 is used. In (a), also included is the effective index of the TM waveguide mode of the input waveguide (z < 0 in Fig. 1 ). In Figs. 4 and 5, there exist two SP modes in this wavelength range. The second mode has the cutoff wavelength: λ 0.6 µm for t ad = 0.02 µm and λ 0.66 µm for t ad = 0.04 µm.
It can be seen in Fig. 4 (a) that at λ 0.595 µm, the effective index difference between the waveguide mode and the first mode is almost the same as that between the waveguide mode and the second mode. For operating wavelengths shorter than 0.595 µm, the effective index of the waveguide mode is close to that of the second mode. Therefore, the waveguide mode is coupled mainly to the second mode. On the other hand, for wavelengths longer than 0.595 µm, the second mode becomes cut off and the effective index of the waveguide mode is close to that of the first mode. It follows that the waveguide mode is coupled to the first mode. Notice that at λ 0.595 µm, the propagation loss becomes almost maximal in Fig. 4(b) . Therefore, at this wavelength (close to the cutoff wavelength of the second mode) the SPR coupling becomes strong. This explains the maximum absorption wavelength found in Fig. 3 .
The above discussion holds true for the case of t ad = 0.04 µm in Fig. 5 , in which the absorption wavelength shifts to λ 0.66 µm. As a result, the change in adsorbed layer thickness leads to a shift of the cutoff wavelength of the second SP mode, which is consistent with the maximum absorption wavelength of the SPR sensors.
Typical field distributions (t ad = 0.02 µm) are shown in Figs. 6(a) and (b) for the first and second modes, respectively. Each field is normalized to its maximum amplitude. It is seen that for the second mode, the local minimum of the field exists in the core region. At λ = 0.6 µm, the field amplitude is significantly large in the metal region both for the first and second modes. This is why the loss becomes maximal at λ = 0.6 µm, as observed in Fig. 4(b) .
Analysis of 3-D Model
We now analyze the 3-D SPR sensor shown in Fig. 7 (note that the 2-D model treated above corresponds to the case where w = d w = ∞ in Fig. 7) . A square core with d = d w = 2 µm is used and the metal strip is centered on the core. Other configuration parameters are the same as those used in the 2-D model. Figure 8 shows the output power at z = 200 µm for w = 10 µm. It can be seen that the wavelength responses of the 3-D SPR sensor are similar to those of the 2-D SPR sensor (Fig. 3) . The sensor with t ad = 0.02 µm is found to offer an absorption wavelength shift from 0.598 to 0.606 µm, when the refractive index of the analyte is increased from 1.330 to 1.334. This sensitivity to the refractive index change is almost the same as that for the 2-D sensor (Fig. 3) . The 2-D analysis, therefore, can efficiently provide a reasonable estimation of the sensitivity of the 3-D sensor with the metal being wide enough to cover the core region.
Note that the maximum absorption for the 3-D sensor (Fig. 8) is less than that for the 2-D sensor (Fig. 3) by about 5 dB, even though the sensor lengths are the same for both models (200 µm). This is because the amplitude of the mode field along the metal surface for the 3-D sensor gradually decreases, as the transverse position x increases in distance away from the center of the waveguide (x = 0 in Fig. 7 ). The decrease in field amplitude reduces the absorption of the field by the metal. This effect cannot be taken into account in the 2-D analysis, since the amplitude of the mode field is uniform in the x direction due to w = d w = ∞. These facts indicate that the 2-D analysis provides a slight overestimation of the value of the maximum absorption.
The dependence of the width w on the sensing characteristics, which cannot be treated using the 2-D analysis, is further investigated in Fig. 9 , in which n a = 1.332 and t ad = 0.02 µm are used. This investigation is of importance since a reduction in w leads to the reduced amount of the analyte. In Fig. 9 , it is found that as w becomes narrow, the absorption wavelength shifts toward a shorter wavelength (although not illustrated, the wavelength response down to w = 5 µm is almost the same as that for w = 10 µm).
We further evaluate the sensitivity to the refractive index change. For w = 10 µm, the absorption wavelength shift is 8 nm, when the analyte refractive index changes from 1.330 to 1.334 (as shown in Fig. 8 ). This sensitivity is maintained for the case down to w = 3 µm, which is slightly wider than the core size. It should be noted, however, that the sensitivity decreases when w is comparable to or less than the core width: for w = 2 and 1 µm, the wavelength shifts are 7 and 6 nm, respectively. Therefore, the metal width should be slightly wider than the core width so that a reasonable sensitivity may be maintained.
Conclusion
We analyzed 2-D and 3-D SPR sensors using BPMs. For the 2-D models, the effect of the adsorbed layer on the dispersion characteristics was discussed in detail through eigenmode analysis with the ID-BPM. It was shown that a change in adsorbed layer thickness leads to a shift of the cutoff wavelength of the second-order mode. This wavelength was found to be consistent with the maximum absorption wavelength of the SPR sensors. We further investigated the 3-D models, paying attention to the dependence of metal width on sensing characteristics. When the metal width is wide enough to cover the core region, the sensitivity to refractive index change for the 3-D model is similar to those for the 2-D models. However, when the metal width is comparable to or less than the core width, the characteristics of the 3-D models differ from those of the 2-D models. In particular, the 3-D SPR sensor exhibits a reduced sensitivity compared with that of the 2-D sensor. As a result, the metal width of the practical SPR sensor should be slightly wider than the core width so as to maintain the sensitivity corresponding to that obtained for the 2-D model.
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